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Abstract: Based on Jumarie’s modified Riemann-Liouville (R-L) fractional calculus, this paper studies the method
of fractional variation of parameter. The product rule for fractional derivatives and a new multiplication of
fractional analytic functions play important roles in this article. In addition, two examples are provided to illustrate
how to use the method of fractional variation of parameter to find the particular solution of fractional differential
equations. In fact, our results are generalizations of these results in ordinary differential equations.
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I. INTRODUCTION

Fractional calculus comes from the generalization of differential and integral operators, which are applied to non- integer
orders. In the past decades, fractional calculus has been widely used in quantum mechanics, electronic engineering,
viscoelasticity, control theory, dynamics, economics and other fields [1-6]. However, the definition of fractional derivative
is not unique. Common definitions include Riemann Liouville (R-L) fractional derivative, Caputo fractional derivative,
Grunwald Letnikov (G-L) fractional derivative and Jumarie’s modification of R-L fractional derivative [7-11]. Since
Jumarie type of R-L fractional derivative helps to avoid non-zero fractional derivative of constant function, it is easier to
use this definition to connect fractional calculus with traditional calculus.

In this paper, based on the Jumarie type of R-L fractional calculus and a new multiplication of fractional analytic functions,
the method of fractional variation of parameter is studied. The product rule for fractional derivatives plays an important role
in this article. Moreover, we give some examples to illustrate how to use the method of fractional variation of parameter to
find the particular solution of fractional differential equations. In fact, these results we obtained are generalizations of those
results in ordinary differential equations.

Il. PRELIMINARIES
First, we introduce the fractional calculus used in this paper.

Definition 2.1 ([12]): If 0 < a < 1, and x, is a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

x f(t)— f(xo)
r(1 a) dx fxo (x-t)@ dt, 1)

(xDD)f ()] =

And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

(ol @) = i [ ozt )

Xo (x—t)1-@
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where T'( ) is the gamma function. Moreover, we define (xng)”[f(x)] = (1,D%) (x,D%) = (1, D) [f ()], and it is
called the n-th order a-fractional derivative of f(x), where n is any positive integer.

In the following, some properties of Jumarie type of fractional derivative are introduced.

Proposition 2.2 ([13]): If a, B, x,, C are real numbersand g = a > 0, then

(oo D) G = x0)F] = 7P (e = x0)P 7, ©)

and

(xDg)ICc] = 0. (4)
Next, the definition of fractional analytic function is introduced.

Definition 2.3 ([14]): Let x, x,, and a; be real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as an «-fractional power series, that is, f,(x%) = Y- Om(x—xo)k“ on some open interval

containing x,, then we say that f,,(x%) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on closed
interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional analytic
function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([15]): If 0 < @ < 1, and x, is a real number. Suppose that f, (x%) and g, (x%) are a-fractional analytic at
X = xo y

fo6%) = B s (= %0)*, )
ga(x¥) = Zf:oﬁ(x — xo)ke. (6)
Then
fa(x) ® go(x%)
= Zl?:oﬁ (x —x)* ® Zﬁzoﬁ (x — x)k
= 5o (Zhio (X)) @hmbm) G = 300 ™
Equivalently,
fa(x%) @ go(x)
= S0 % (s - x)) . @ S (s = x))
= 502 (Zhco (X) @embn) (s G = 30)) ®)

In the following, the arbitrary power of fractional analytic function is defined.

Definition 2.5 ([15]): Suppose that 0 < @ < 1 and r is any real number. The r-th power of the a-fractional analytic
function f,, (x%) is defined by

[ f(xN®T = Eg (rLng( fu(x®)). ©)
Definition 2.6 ([16]): Assume that 0 < a < 1, and f,(x%), g,(x*) are a-fractional analytic at x = x, ,
Fulx) = Dot (= 1) = N0 % (s = x)) (10)
9a(r) = B mo— (e = 1) = N 2 (A = x)?) (11)
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The compositions of f,(x%) and g, (x%) are defined by

(fu © 9) (6 = fu(92(x®) = B0 (g2 (x) ™", (12)
and
(G ° f) (6 = galfuax) = N0 2 (fu(x)) ™" (13)
Definition 2.7 ([16]): Suppose that 0 < a < 1, and x is a real number. The a-fractional exponential function is defined by
Ea(x) = Xoroos = X0 (s ) (14)

The a-fractional logarithmic function Ln,(x%) is the inverse function of E,(x%). In addition, the a-fractional cosine and
sine function are defined as follows:

o) = 0 G S () @
and
sing () = B SR = i LU ()™ 1)
Moreover,
secy (x%) = (cosa()c"‘))@_1 7
is called the a-fractional secant function.
€SCq(x%) = (sina(x"‘))@)_1 (18)
is the a-fractional cosecant function.
tan, (x%) = sin, (x%)  sec, (x%) (19)
is the a-fractional tangent function. And
cot, (x%) = cos,(x*) @ csc,(x*) (20)

is the a-fractional cotangent function.

Theorem 2.8 (product rule for fractional derivatives) ([17]): Let 0 < @ < 1, and f,(x%*) and g,(x%) be a-fractional
analytic at x = x,, then

(oD fa(x®) ® g (x)] = (1oDE)[ fe (XD ® go(xD) + four(x®) ® (1oDE) [ 9o (x D] (21)
1. MAJOR RESULT
In this section, we introduce the method of fractional variation of parameter.

Theorem 3.1: Let 0 < a <1, and a,(x%), by (x%), ¢ (x%),7,(x*) be a-fractional analytic at x = 0, a,(x*) # 0 for
all x. If the second order a-fractional differential equation

aq (x)®( oD;‘é‘)z[ya(x“)] +ba (x)®( oD% [Va (x D] + ca(*)®Ya (x®) = 1, (x*) . (22)
has the homogeneous solution
Vha(x¥) = C1¥1,(x%) + Coy7,4(x%). (23)

Then the particular solution of this a-fractional differential equation is
-1
1) = =(o15) [ 720 GOBT IV [ GIOW, (31,4, 720D | @1ax®)

+(olf) [12 OB GOB {0 GOOW (710, 720G} | @120, (20
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Where C;, C, are constants and W, ()ﬁ,a(x“)' yzya(x“)) is the a-fractional Wronskian of y; ,(x%) and y, , (x%) defined
by

We (yl,a(x“).yz,a(x“))

— yl,a(xa) yz,a(xa)
(PO [raxD] (D) [y2a @]l
= ¥1a(X)®( o Df) V2,0 (xD] = Y2, (xI®( oD [y1,0(x¥)]. (25)

Proof By the method of fractional variation of parameter, let the particular solution of this a-fractional differential equation
be

yp,a(xa) = pa(xa) ®y1,a(xa) + qa(xa) ®y2,a(xa)- (26)
Where p, (x%) and g, (x*) are a-fractional analytic functions. Then by product rule for fractional derivatives,
(oD8) [Vpa(x9]

= pa(x*) ®( oD )[y1a(x)] + g2 (x®) ®( oDF)[y2, (x)]

+( D) P (xN)] ®Y1,0(x?) + (D) 40 (xN)] @20 (x®) . 27)
And
(0D£) [pax®)]
= 2 @) ®( 00£)" [11.ex9)] + 4 (x®) ®( oDF) " [¥2.(x¥)]
+( DO P ] & 0DE) Y12 ()] + (D) 02 (xDI®( 0DE) [Y20(x¥)]
+( DO D) P (x™)] ®Y1.a(x®) + (D)4 X)) ®Y;,a )] (28)
Since

4, (x)®( DL)’ [Vpa D] + b G ®( D) [Yp.a (xD)] + Ca(xD®yp o (X0 = 1, (x%). (29

It follows that
Pax®) @ {2a (xI®( 0DF) [1,0(x)] + ba(x)B( oDF)[¥1,0(xD)] + € (X ®Y1 o (x9)}
+2(x%) ® {a, (xDB( oDF) [y1,e (D)) + b GO DF)[Y1,0(x)] + ca(xI®Y1 0 (x¥)}
+ 2, (xM)B{( D) [Pa (x)] ®( D) [y1.axN)] + (05 [0 xN)I®( oDF)[y2.a ()]}
+ 2o (B D) [( D) Pa(xN)] @10 (x™) + ((0DF)[4a(xDI®Y2 ()]
+ b (x)IB{( 0DF)[Pa(x)] ®1,0(x™) + (D) [4a (x)I®Y20 (X} = 1o (x). (30)
And hence
2 (x)B{( D) [Pa(x)] ®( D) [¥1,0x )] + (D) 02 @ oDE)[y2,a )]}
+ 2o (B D) [( D) Pa(xN)] @10 (x®) + ((0DF)[4a (X @Yz (x)]

+ b (x)®{( oD% [P ()] @Y1, (x®) + (0DF) [0 (X )]I®Y2,0 (x9)} = 15 (x%). @31
We can choose suitable p,(x%*) and g, (x%) such that
(D) [Pa(x)] ®Y1,a(x®) + (DF)[qa(xN)]1®Y2,0(x*) = 0, (32)
(D) Pax®] ®(oDE) Y12 ()] + (D) [0 xB( 0DF) [y2a(x)] = 7o (xDI®(ag (x)° ™. (33)
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Thus,
(D) Pl = 35, GIOT IO {aa IO, (31,6, 72ax)] (34)
(D942 GD] = 31,0 D@1 (xD® {ag (xDIBW, (31,06, 72,0 xD)) - (35)
Therefore, we can choose
) = (o) [12a OB VB {2 IOW, (12, 720N} | @9)
20 = (o) [ 11,0087 @ {2 OB, (72, 720 )} |, @7
Finally, the particular solution of this a-fractional differential equation is obtained. Q.ed.

IV. EXAMPLES

In the following, two examples are provided to illustrate how to use the method of fractional variation of parameter to obtain
the particular solution of fractional differential equations.

Example 3.1: If 0 < o < 1. Find the general solution of second order a-fractional differential equation

(0D£) Da(x] + Yo (x®) = tang(x). (38)
Solution Since the characteristic equation is A2 + 1 = 0. It follows that A = +i . And hence, the homogeneous solution is
Yna(x®) = Cic0s,(x*) + Cysing (x%). (39)
Where C,, C, are constants. Since the a-fractional Wronskian
Wa(cosa(x“),sina(x“))

cosg (x%) sing (x%)
( ODJCCZ)[COSa(xa)] ( OD)?)[Sina(xa)]

®

_ | c0S,(x%)  sing(x%)
T |=sing(x%)  cos,(x%)

®
=1. (40)
By Theorem 3.1, we obtain the particular solution
Vpa(x9)
= —Cosa(x“)®( 01,‘})[sina(x“)®tana(x“)] + Sina(x“)®( 0I,‘c")[cosa(x“)®tana(x"‘)]
= —c05,(x)® (ol [[5in, (x)]®2®[c054 (x)]® 7] + sing (x)I®( olf ) [sing (x*)]
= =05, (x)®( ol )[{1 — [cos, (x)]®?}®[cos, (x)]® ] + sing (x)@[—cosq (x) + 1]
= —cosa(x"‘)®( 0I,‘C")[sec,,[(x"‘) — 05, (x®)] — sing, (x*)®cos, (x*) + sing (x%)
= —c0s, (x*)@{Ln,(|sec, (x%) + tany, (x)|) — sing (x*)} — sin, (x*)®cos, (x*) + sin, (x%)
= —cos, (x*)®Ln,(|sec, (x*) + tany, (x®)|) + sing (x%). (41)
Finally, the general solution of this a-fractional differential equation is
Ya (x%)
= Yra(X) + Yp,a(x?)
=A-cosy(x%) + B - sing (x*) — cosa (x*)@Ln,(|sec, (x%) + tan, (x9)]). (42)
Where A, B are constants.
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Example 3.2: Let 0 < o < 1. Solve the second order a-fractional differential equation

(o) e @] = 6+ (D) [Va(xD] + 9 Yo (x¥) = Eo(2x%) . (43)

Solution The characteristic equation is 12 — 64 + 9 = 0. Thus, 4, = 1, = 3. So, the homogeneous solution is

Yra(x®) = C; - Eo(3x%) + G5 - x*®E,(3x%). (44)

I'(a+1)

Where C,, C, are constants. Since the a-fractional Wronskian

<E (3x9), T +1) “®Ea(3x“))

E,(3x%) a +1) X*QE,(3x%)
(oP)EGxN (oD) [ ¥ @E3x)||
E,(3x%) F(a+1) X*QF,(3x%)
31E,(3x%) E,(3x) +3 +1) “®Ea(3x“)®
= E,(6x%). (45)

It follows that the particular solution is

Vpax®) = =( oIf) [mjﬂ)x“@Ean“)@Ea(2x“)®Ea(—6x“)] ®E,(3x%)

+( oIF)[EBx)QE, 2xV)®E,(—6x%)|® X*®FE,(3x%)

I'(a +1)

= ~E(3xO®(ol) [F(a+1) X ®E. (= xa)] I(a +1) X“®E,(3x)®( olf ) [Eq (—x9)]

= ~Eo(3x® |(~ g — 1) O (-x) + 1] 4 5 x @B, (Bx)BI-Fo(—x) + 1]
- (F(a+1)x + 1)E (2x%) = Eq(3x%) — I'(a +1) X" ®E,(2x%) + I'(a +1) x“QE, (3x%)
- [l‘(a1+1) x = 1] ®E,(3x%) + E,(2x%) . (46)

And hence, the general solution of this a-fractional differential equation is
Ya(x%)
= yh,a(xa) + Yp,a(xa)

=C, E,(3x%) + C, -

X*®E, (3x%) + [ - 1] ®E, (3x%) + E,(2x%)

I'(a +1) I'(a +1)

=C-E,(3x

x*®FE,(3x%*) + E,(2x%). (47)

Where C, D are constants.
V. CONCLUSION

In this paper, based on Jumarie type of R-L fractional calculus, the method of fractional variation of parameter is studied.
The product rule for fractional derivatives and a new multiplication of fractional analytic functions play important roles in
this article. On the other hand, some examples are given to illustrate how to use the method of fractional variation of
parameter to find the particular solution of fractional differential equations. In fact, our results are generalizations of these
results in ordinary differential equations. In the future, we will continue to use this method to expand our research field to
applied mathematics and fractional differential equations.
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